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Tensers, _ A s_s o cia t ed  with,  TJjiu -Dejejid^t__St j_es.s . * 

by 

Barbara  A.  Cotter1 2 3 4and  R.  S.  Rivlin^ 


Abstract 

It  Is  assumed  that  six  functional  relations  exist  between 
the  components  of  stress  and  their  first  m material  time  deriva- 
tives and  the  gradients  of  displacement,  velocity,  acceleration, 
second  acceleration,  . ..,  (n-l)th  acceleration..  It  is  shown 
that  these  relations  may  then  be  expressed  as  relations  between 
the  components  of  m + n + 2 symmetric  tensors  and  expressions 
for  these  tensors  are  obtained, 

1.  Introduction 

It  has  been  shown  by  Rivlin  and  Ericksen  [1]^  that  if  we 
assume  that  the  components  of  stress  t^j,  in  a rectangular 
Cartesian  coordinate  system  x^,  at  any  point  of  a body  of  iso- 
tropic material  undergoing  deformation,  are  single-valued  func- 
tions of  the  gradients  of  displacement,  velocity,  acceleration, 
,,,,  (n-l)th  acceleration  in  the  coordinate  system  x^  at  the 
point  of  the  body  considered,  then  the  stress  components  t^  may 
be  expressed  as  functions  of  the  components  of  (n  + 1)  symmetric 
tensors  defined  in  terms  of  these  gradients* 

1,  The  results  presented  in  this  paper  were  obtained  in  the  course 
of  research  conducted  under  Contract  N7onr-3?801  between  Brown 

- University  and  the  Office  of  Naval  Research, 

2,  Research  Assistant,  Division  of  Applied  Mathematics,  Brown 

- University, 

3,  Professor  of  Applied  Mathematics,  Brown  University 

4,  Numbers  in  square  brackets  refer  to  bibliography  at  the  end 
of  the  paper. 
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We  describe  the  deformation  by 


xi  = » 


(1.1) 


where  x^  denotes  the  position,  at  time  t,  in  the  coordinate 
system  x^,  of  a material  particle  which  was  located  at  in 
the  same  coordinate  system  at  some  other  instant  of  time  T, 


Let  v 


(1)  ..(2)  „<3) 


.<n) 


denote  the  components  of 


velocity,  acceleration,  second  acceleration, (n-l)th' accelera- 
tion at  time  t,  in  the  coordinate  system  x^,  of  a material 
particle  located  at  xi#  Then,  if  we  assume 


.dx-.  9v£-^  0v£2)  9vnn\ 

= t..( — Ej  — E-  » — 12 — » »•»»  — 12 — ) 

**■0  ± J a—  a__  ' 


9X„  fix. 


9x, 


8xr 


(1.2) 


It  follows  [1,  § 15]  that  tjj  may  be  expressed  as  single-valued 
functions  of  the  components  Cjj,  (r  = l,2,,,„,n)  of  (n  + 1) 

tensors  defined  by 


9X4  9x 


’i] 


(1) 


axk  axk 


avi1^  + gvj1^ 

9Xj  9X£ 


and 


A(m)  = 


ij 


A(r)  . .(r) 

A‘»J  T^~  + Al»  tej 


9v^ 
a — 


(1.3) 


where  D/Dt  denotes  the  material  time  derivative.  This  result 
was  obtained  from  the  consideration  that  the  form  of  the 
dependence  of  the  stress  components  tjj  on  the  gradients  of  the 
displacement,  velocity,  acceleration,  (n-l)th  acceleration 

must  be  independent  of  the  particular  choice  of  the  rectangular 
Cartesian  coordinate  system  x^. 
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It  will  be  shown  in  the  present  paper,  from  similar 
considerations,  that  if,  instead  of  describing  the  dependence 
of  the  stress  components  on  the  deformation  by  six  functional 
relations  of  ths  type  (1.2),  we  have  six  independent  functional 
relations  of  the  form 


„ ,9}^  3V^2^  dV^  Dtna 

’ s£-  ’ *»•  > 

q q 0,  q 


4 P^-aa.  ) = 0 

Dt2  * ’ Dt*  } * 


(1,4) 


with 


fu  - fa  . (1.51 

then  these  functional  relations  must  be  expressible  in  the  form 

P (C  a(  I)  a(2)  ft(n)  +•  n(l)  p(2)  fa  ( ill ) v 

i3l  pq’  Apq  ’ Apq  9 •••»  pq  ’ pq  » pq  » Bpq  » e * 8 » pq  > . * Q 

(1.6) 

if  n > m,  and  in  the  form 

(C  a^^  « ( 2 ) a (m)  x.  p(i)  ■□(2)  p(m)\  _ * 

id^pq’  Apq  * Apq  9 *0,,  m 9 tpq’  Bpq  * Bpq  » •••»  Bpq  > “ °J 


(1.7) 


(r) 


if  n < m,  where  - F.^  in  both  cases,  Gpq  and  Ap*-  (r  = 1, 
2, . . a , n)  are  defined  by  (1,3)  and  B^  (r  = 1,  2,  ...,  m)  are 
the  components  of  symmetric  tensors,  defined  by 


Cr)  DBlr1\  oCr-l)  (r..D  av^ 

4 4 = — + B . - — . + B.  » — L 


Dt 


and 


9x 


p ( O ) _ 4. 

Bij  " t±i  ° 


(1)  «..(1) 

V J.  -* 

It 


ex 


i 


(1.8) 


It  may  be  remarked  that  Zaremba  [2]  introduced  a rate  of 
change  of  stress  tensor,  which  is  given  in  term  of  the  tensors 


. . 

rfr  , 

■■■  'i'"*""  1 1 ( ""  " 

• r'frxf  *fi  . . 

tfVi,’-.  ■ * , 
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. A(l)  . „(1)  . «(1)  ju.  a(D  jl+  a(1) 

t13’  Aij  and  Dij  ^ Bij  etkjAki  ^ikAkj  * 

It  may  be  remarked  that  Eqs.  (1,4)  and  (1.5)  are  not,  in 
general,  sufficient  for  the  determination  of  the  stress  result- 
ing from  the  subjection  of  the  material  to  a specified  deforma- 
tion history.  They  may  be  regarded  as  a set  of  six  independent 
differential  equations  in  six  dependent  variables  tjj(t^  = t^) 
and  one  independent  variable  t.  Suitable  "initial"  conditions 
at  specified  values  of  t must  be  chosen  if  the  equations  are  to 
have  a solution.  However,  we  are  concerned  here  only  with  the 
limitations  which  must  exist  on  the  form  of  the  relations  (1.4), 
as  a result  of  the  necessity  that  they  are  invariant  under  a 
transformation  from  one  orthogonal  coordinate  system  to  another, 
quite  apart  from  any  question  of  the  sufficiency  of  the  equa- 
tions for  the  determination  of  the  stress  components. 


It  is  well  known  that  if  ds  is  the  distance  at  time  t 
between  two  material  particles  of  a body,  undergoing  a deforma- 
tion described  by  (1.1),  which  are  located  at  Xj.  and  x^  + dx^ 
in  the  rectangular  Cartesian  coordinate  system  x^,  then 


(ds)2  = dx^dxk 
= 


3X*  *1«J  » 


(2.1) 


(2.2) 


where  Xj  and  X^  + dX^  are  the  positions  of  the  particles  at  a 
previous  instant  of  time  T.  Differentiating  (ds)2  r times  with 
respect  to  t,  we  have,  from  (2.1), 


-fi*r  ij  1 J 


(2.3) 
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where  A^  is  a symmetric  tensor  given  by  (1.3).  A correspond- 
ing result  in  a converted  coordinate  system  was  obtained  by 
Oldroyd  [3]  • 

Equations  (2.2)  a 'd  (2.3),  with  the  left-hand  sides  given 
constant  values,  describe  the  deformation  quadrics  at  the  point 
of  the  bodyconsidered. 

r *i  ( r ^ 

It  has  been  seen  [1,  §10]  that  A^'  may  also  be  expressed 
as 


(r) 

Li] 


av‘r) 

0x. 


+ ? 

u.<,  p=l. 


<;> 


av^-?) 

9x. 


9V. 


(P) 


6Xj 


(2C*> 


3.  The  Stress  Tensors 

If  we  define  a quantity-^  by 

J3  = t^&x^dXj  , (3.1) 

then,  since  t^  transforms  as  a tensor  from  the  rectangular 
Cartesian  coordinate  system  x^  to  any  other,  irrespective  of 
any  relative  motion  of  the  two  coordinate  systems,  it  is 
apparent  that  & is  a scalar,  invariant  under  such  transforma- 
tions of  the  reference  system.  From  (3.1) j we  have 

Da-8-  D8<*1.1d*ld*.1>  - 2 D<1(d3tlgii 

Dts  Dt3  q=0  q DtS"q  Dtq 


s"a-t.,  q Q D^-^dXj)  D^dx.) 


z [(f)  - — ^ z (?) 


q=0 


Dt 


s-q  l^o 


■q=T 


Dt 


(3.2) 


D~t(dx1) 

Dt'1 


= dv 


(*)  _ 
3 


('t) 


ax. 


dx. 


g 


Since 


where  v^*;  = x^,  so  that  ftv^Voxj  = & ^ , we  obtain  from  (3.2), 


nsA  s o Ds“qt. 
= Z [(s)  - 

^ . c »-v  n / « 


Dts  q=0  q Dt3"^  -t=0  ^ 8X 


I ,Qx  9v^ 

2 (1)  — 1 


dxgdx^]  i (3.^) 


With  the  definition 


b<5>  = 1 R;> 

J q=0  q Dts“ 


s-q^.  q _ a„(q“-t)  «„(/?') 
Dts~q  ^=o  aXi 


we  can  re-write  (3.V)  as 


Df^  = B(s5dy  dx 
- ■ s Bij  » 

U {j 


(3.6) 


with  B,^  = . It  is  seen,  since  D^tS/Dt0  transforms  as 

1 J J i 

a scalar,  between  two  rectangular  Cartesian  coordinate  systems 
with  arbitrary  relative  motion,  that  transforms  as  a tensor 

between  such  coordinate  systems. 

We  note,  from  (3.6)  and  (3«3)»  that 


- —if  -' 


Whence , 


(3.7) 


(s)  9v(l)  ^(s)  ?v^1)  , 

+ 6^~~ + ci i wj-)dx±dxy 


,(sn> . Efili  + B<s)  Jll!.  + b:?5 


^ 9x, 


i-t  dx  j 


(3-8) 


IfMZMKa*  *»»>»•<••  *4-.e •;*«<«*. MM**'*-  *■  w 


■waB*®*  w»ps*""|Bn 


fcWi  ^nmnnn**  • *' 
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LgJsSaCaaqfi t Ion  Relations 


We  assume  that  the  dependence  of  the  stress  components 
on  the  deformation  is  described  by  the  six  functional  relations 
(1.4)  and  the  form  of  the  functions  f^  are  independent  of  the 
rectangular  Cartesian  coordinate  system  in  which  Bis.  (1.4)  are 
expressed,  bet  x^*  be  a rectangular  Cartesian  coordinate  system 
moving  in  an  arbitrary  manner  with  respect  to  Xj_  and  related  to 
by 


Xi*  = aij(xj  “ V 


aijaik  " 6jk  > 


(4.1) 


where  and  bj  are,  in  general,  functions  of  time.  Let  X^* 
denote  the  coordinates  ir-  the  system  x^*  of  a point  located  at 
Xi  in  the  coordinate  system  X±  and  let  v*^,  v^2^  Vj^n^ 

be  the  components  of  the  velocity,  acceleration,  ...,  (n-l)th 
acceleration  respectively  in  the  coordinate  system  x^  Then, 
if  ti;j  are  the  components  of  the  stress  in  the  coordinate  system 
Xj[  , we  have 

f (24  24E,  2411 t*  , 2^,  . 

13  ax  ax  ax*  ax  pq  Dt 

q q q ' s*.* 


•••>  — = 0 . 


(4.2) 


It  has  been  shown  in  a previous  paper'  [1,  §§  £ and  1^]  that  we 

can  choose  the  coordinate  system  Xi  in  such  a way  that: 

(1)  Instantaneously  at  time  t,  the  directions  of  the  axes  of 
% 

Xi  are  parallel  to  those  of  x^  so  that 


aij  ~ b±i  ’ 


(4.3) 


(ii)  instantaneously  at  time  t,  the  angular  velocity,  angular 


v|‘-  : 
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acceleration,  angular  second  acceleration,  • «.,  angular 

* 

(n-l)th  acceleration  of  the  coordinate  system  x^  relative 
to  x^  are  such  that  the  velocity,  acceleration,  ...,  (n-l)th 
acceleration  fields  relative  to  the  coordinate  system  x^, 
in  the  immediate  neighborhood  of  the  material  particle 
considered,  are  irrotationalf 

(iii)  instantaneously  at  time  T,  the  axes  of  the  coordinate 

system  x£  have  directions  relative  to  the  coordinate  system 
x i defined  by 

Hi  - . fr-M 


vnere 


q2  „ j'.tej,  fcc 


axk  axk 


(4 . 5 ) 


and  c (=  |]CjLj||  ) is  the  matrix  satisfying  this  equation 
which  has  all  its  eigen-values  positive. 

The  choice  of  the  coordinate  system  x£  in  accordance  with 
the  condition  (ii)  implies  that,  at  time  t, 

/6xj  = 8v^rV  8xt  (r  = l,2,...,n).  (4.6) 

Also,  the  choice  of  the  coordinate  system  x*  in  accordance  with 
conditions  (i)  and  (iii)  implies  that,  at  time  t, 


_ * * 

OXj^/OA  j = C^  j 


(4.7) 


With  the  notation 


ij  2 a * a * ' » 


(4.8) 


it  follows  from  (4.6)  and  (4,7)  that  Eo.  (4.2)  can  be  re-written 


1 
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fij(cpq5  dp41^»  dp<![2^  *“•>  dp<Jn}  t 


ot: 


* ~vpq 

pq  * Dt  * 
...»  tLZw)  = o 

Dtm 


(4.9) 


at  time  t. 


(3e5)}  (4.6),  and  (4.8),  bearing  in  mind  that  v^0'  = 
x^  and  t^j  = t^  , we  see  that  if  B^  “ are  the  components  of  the 
tensor  B^s)  in  the  coordinate  system  x^*, 

„•<■> . I to  l (?)  s^L  3 

i 1 _ LVn/  n * * * J 


q=0  ' 4 Dts’a*  ^0  ^ axj 


_ * 
axi 


Dst- 


f + Jo  (!)dJJ,-t>dSi*)1  • 


Dt 


(4.10) 


Also,  at  time  t,  from  (2.4),  (4.6)  and  (4.8),  we  see  that  if 
A^s)  are  the  components  of  the  tensor  in  the  coordinate 
system  x^,  then  at  time  t, 


A«(r)  ■ 2dI$r)  + J4pKiI"p)dk3p>  • 


(4.11) 


Since, 


Aii1’  ■ “iju  • 


(4.12) 


we  see,  from  (4.11),  that  d!£jr'  can  be  expressed  as  a polynomial 


in  the  quantities  A*'1),  A*(2),  ...,  A*^).  We  also  see.  from 


(4.10),  that  D ti;j/Dt-s  can  be  expressed  as  polynomial  in  the 


quantities  a!'1*,  A*<2>,  A*<s>.  t\.  B*'1),  B*<2> B*<s> 

^ pq  7 pq  7 7 • uu  oa  7 na  7 7 nn 


lpq  » “pq  7 ”'7  "PQ  ' "yq7  "pq  ' pq 

Consequently,  Eqs.  (4.9)  may  be  re-written  in  the  form 


Pq 


•Pij^pq*  Apq-' » 


*(l)  a * ( 2 ) 


■•na 


A*(n)  «*(1)  n*(2) 

■ • i Kp a » T'pq » °pq  » °pq  > 


*f  m\. 

, ) = n 

’ pq 


(4.13) 


I 4 


I MWI— Iilm 
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if  n > in  and  in  the  form 


cd  ( c A*<2)  A*<m>  + * B*(1}  B*<2) 

9iJUpq»  Apq  » Apq  » Apq  ’ vpq’  Bpq  » pq  ’ 

...,  b!C»>)  = o , 


(4.14) 


if  m > n,  It  may  be  noted  that  if,  in  (4.9),  f ^ is  a polynomial 

function  of  c , d*^\  D11^:*  /Dtm,  then  in  (4.13)  and  (4.l4), 

PQ  pq  pq 

<p,  is  a polynomial  in  the  dependent  variables. 

(s)  *(s) 

Since  and  aro  the  components  of  the  same  tensor 

$ 

in  the  coordinate  systems  x^  and  x^  respectively,  we  have 


BpqS>  ' Bif,apiaqj  and  'pq3  ‘iAAj  ' (' 

Since  and  A*jr)  are  Lhe  components  of  the  same  tensor  in 

the  coordinate  systems  x^  and  x*  respectively,  we  have 


a„,a. 


and  tpq-  t1JaplaqJ  . 


(4.1?) 


A*(r)  _ * (r)a  a 
Apq  " Aij  apiaqj 


(4C 16) 


Since  the  coordinate  system  is  chosen  in  accordance  with  condi- 
tion (i)  we  see  that,  at  the  instant  ot  time  t,  is  given  by 
(4.3)  and  Eqs,  (4.1?)  and  (4„l6)  yield 


B*(s)  = B(s) 

pq  pq 


and  A*(r>  = A*?* 


pq  ‘ 


(4.17) 


Introducing  the  results  (4.17)  into  Eqs,  (4.13)  and  (4.l4),  we 


have 


*U(#F,»  AW*  AW*  •">  ‘pq’  BJP*  Bpq'>  *— 


(4.18) 


if  n > m and 


^(c  n,  Ain\  ...»  A t , B^J),  B<2)  . B<^) 

^13'  pq»  pq  7 pq  7 7 pq  7 pq7  pq  7 pq  7 7 pq 


if  m > n. 


(4.19) 
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Following  the  method  adopted  by  Ftivlln  and  Ericksen  [l, 
§§  7 and  15]  and  employing  the  notation 


!ij  ~ °ikckj 


- 9xi  ^.1 


ax1r  ax. 


(4.20) 


it  can  be  seen  that  the  relations  (4.18)  and  (4.19)  may  be  written 
as 

PiJ(Cpq’  A&}*  AW>-  — > AM  > V,’  Bpq}'  Bpl> = °> 


(4.21) 


if  n > 111  and 


F.,(C  , a(1),  a(2),  ....  A(m),  t , b(1)  b(2)_  ....  B(m))  = 0 „ 
id  no*  na  ’ na  ’ ’ dci  ’ p a*  nq*  oa  ’ ’ na  ' - ? 


id  Pq’  pq  7 "pq  7 "'pq  7 'pq7  _pq7  "pq  7 “*"7  "pq 

(4.22) 

if  m > n,  where  is  a single-valued  function  of  the  independent 
variables. 


If  we  assume  in  Eq.  (1.4)  that  the  functions  f^j  are  poly- 


nomials in  the  variables,  then  it  follows  from  the  manner  in 
which  Eqs.  (4.21)  and  (4.22)  are  derived  that  F^  are  polynomials 
in  the  variables.  It  is  also  readily  seen  that  if  we  assume  the 


functions  fjj  are  single-valued  functions  of  dv^VaXgjSv^Vax  , 


3Vpn)/axq,  tpq,  Dtpq/Dt,  D2tpq/Dt2,  ...,  D^pq/Dt®  then  they 


may  be  expressed  in  the  form  (4.21)  or  (4.22)  with  omitted, 
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IMPLICATION  OR  OT  HERWISE  AS  IN  ANY  MANNER  LICENSING  THE  HOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHTS  OR  PERMISSION  TO  MANUFACTURE, 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELATED  THERETO. 
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